An algorithm for deriving a continued fraction that corresponds to two series expansions simultaneously, when there are zero coe cients in one or both series, is given. It is based on using the Q-D algorithm to derive the corresponding fraction for two related series, and then transforming it into the required continued fraction. Two examples are given.
Introduction
Given two series expansions, one of each of the forms 
and
where each of the k ; k =0; ±1; ±2; : : : ; are real numbers, there are various techniques for transforming each series, or both series simultaneously, into a corresponding continued fraction. In particular it is well known that if the coe cients k ; k = 0; ±1; ±2; : : : ; are such that the Hankel determinants H 
The coe cients (0) k and ÿ (0) k ; k =1; 2; 3; : : : ; can be expressed as ratios of the Hankel determinants H (m) n deÿned by (3) and hence calculated from the series coe cients. Alternatively, provided that k = 0 for k = 0; ±1; ±2; : : : ; the continued fraction can be derived by means of the recurrence relations
for r = : : : ; −2; −1; 0; 1; 2; : : : and n =2; 3; 4; : : : ; and with the starting values (r) 1 = 0 and ÿ (r) 1 = r = r−1 for r = : : : ; −2; −1; 0; 1; 2; : : : : This is the Q-D algorithm and the table of coe cients generated can provide many continued fractions that correspond to the two series, either separately or simultaneously, see [2] for instance. The convergents of all the continued fractions are two point PadÃ e approximants for the series (1) and (2) .
Clearly the Q-D algorithm cannot be used directly if one or more of the series coe cients are zero, since the associated values of ÿ (r) 1 = r = r−1 will not be deÿned. This is not a problem if the determinant method is used of course. In this paper an algorithm is provided that, when used in conjunction with the Q-D algorithm, can provide the continued fraction (4) even when there are coe cients equal to zero in one or both of the series (1) and (2).
:
The denominators of the rational functions (5) and (13) are monic polynomials of degree n. So let them be, respectively,
It is easily seen that
Now let us assume that there are zero coe cients in the series (1) and/or (2), but 0 −1 = 0, and that the number K in the function K=(1 + z) is chosen so that there are no zero coe cients in the series (10) and (11).
Hence, from these coe cients, the continued fraction (12) can be derived using the Q-D algorithm and then the numbers d n; n−1 and d n; 0 ; n = 2; 3; 4; : : : ; can be calculated. Now
Hence, from these four later equations
where O(z n ; 1=(z n+1 )) denotes the series expansion of the left-hand sides, in powers of z and 1=z, respectively, begin with z n and 1=z n+1 , respectively. Since the numerator of the left-hand side is a polynomial of degree 2n at most, while the denominator is of degree 2n + 1, it follows that the numerator consists of a single term, namely R n z n , where R n is a real number. Hence
and, similarly
Subtracting the ÿrst of these equations from the second and using the standard result concerning the di erence between consecutive convergents of a continued fraction yields
2 : : :
where
and w n+1 = 0 (0) 2 : : :
with u 1 = 0 and w 1 = 0 . Thus
The left-hand side is a polynomial of degree 2n + 1 with no constant term. The coe cient of z 2n+2 on the right-hand side must therefore vanish, which means that
Similarly, the constant term on the right-hand side of (18) vanishes. Substituting from (19) then yields
Finally, equate coe cients of z 2n+1 in (18), remembering that B n (z) and D n (z) are monic, and again, using (19) and replacing n by n − 1 yields w n+1 − u n+1 = w n {b n; n−1 − d n−1; n−2 − 1} − u n {d n; n−1 − b n−1; n−2 − 1}; n¿ 1:
Eqs. Then, for i = 1; 2; : : : do
Remark. It is just as well possible to choose the modiÿcation K=(1 ± az) instead of K=(1 + z), and a more general algorithm can be introduced. However, this will not add any signiÿcant beneÿts to our objective of generating the continued fraction. A simple illustration, for which alternate coe cients in both series expansions are zero, but for which the continued fraction can easily be derived by other means, illustrates the algorithm. It is the function
The two series expansions are 1 Setting K = 2 and subtracting the series expansions of 2=(1 + z) from the above yields the required two series expansions, each with non-zero coe cients.
It is easily seen that the coe cients in the two series are symmetric in that 
As a consequence of this symmetry, when using the Q-D algorithm, only half of the elements (r) n and (r) n need to be calculated, namely those with non-negative values of r. This is because
; r = 0; 1; 2; : : : :
These results can be proved using elementary transformations of continued fractions and the corresponding properties. It is seen in the derivation that (0) n =−1 for all n and thus the corresponding continued fraction (12) has the form
The numerator coe cients 
This continued fraction can be obtained by other means, see [5] , where it and some applications are discussed.
The function arccot(z)
The function arccot(z); cot −1 (z), has the two series expansions
But the series coe cients satisfy r = −r−2 for r = 0; 1; 2; : : : . Hence, for r ¿ 0, the series (26) and (27) become identical to (29) and (30), respectively. It follows that the continued fractions (25) and (28) 
The Q-D algorithm, abbreviated by the use of (31), can now be used to obtain the continued fraction for the function arccot(z) − K=(1 + z). The continued fraction for arccot(z) is then obtained and the coe cients of the ÿrst ten convergents are as below. This continued fraction expansion holds in the complex plane cut from −i to +i along the unit circle and on the whole real and axis the tenth convergent will be accurate to the seventh decimal place. A discussion of the error estimates for the continued fractions corresponding to two series can be found in [4] and, for the expansion of Dawson's integral, in [1] . The related function and so the coe cients in the partial denominators of the continued fraction are all equal to unity, as in the ÿrst example above. This was ÿrst observed by D. Drew, see [3] .
The function deÿned in terms of the error function by
is another function that has suitable series expansions at z = 0 and at inÿnity, with zero coe cients in the latter. The continued fraction of form (4) can be obtained by the above technique. Finally, continued fractions corresponding to one series only, whether it is of the form (1) or (2), can be obtained either as a by-product of the two series case or, if only one series exists, by modifying the techniques described above.
